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Abstract
We study the Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmology in the
Weyl-transverse (WTDiff) gravity in a general space-time dimension. The WTDiff grav-
ity is invariant under both the local Weyl (conformal) transformation and the volume
preserving diffeormorphisms (transverse diffeomorphisms) and is believed to be equiv-
alent to general relativity at least at the classical level (perhaps, even in the quantum
regime). It is explicitly shown by solving the equations of motion that the FLRW metric
is a classical solution in the WTDiff gravity only when the spatial metric is flat, that is,
the Euclidean space, and the lapse function is a nontrivial function of the scale factor.
1E-mail address: ioda@phys.u-ryukyu.ac.jp
1 Introduction
In a series of recent papers [1]-[3], we have investigated some classical implications of a gravita-
tional model called the Weyl-transverse (WTDiff) gravity [4]-[9], which is invariant under both
the local Weyl (conformal) transformation and a restricted subgroup of general coordinate
transformation or diffeomorphisms (Diff), that is, the volume preserving diffeormorphisms
or transverse diffeomorphisms (TDiff). We have already demonstrated that general relativity
and the WTDiff gravity are obtained via gauge fixing procedure for a different local symmetry
from the conformally invariant scalar-tensor gravity 2, which is a more underlying model in
the sense that the conformally invariant scalar-tensor gravity is invariant under both the Weyl
transformation and the full group of Diff. Indeed, general relativity is obtained by gauge-
fixing the Weyl symmetry while the WTDiff gravity is reached by doing the longitudinal
diffeomorphism from the conformally invariant scalar-tensor gravity.
This relation between general relativity and the WTDiff gravity gives us an interesting
observation that the two theories are equivalent to each other although they have different
local symmetries so that they belong to different universality classes. In fact, we have shown
that in the WTDiff gravity the Schwarzschild metric and the Reissner-Nordstrom metric in
the Cartesian coordinate system are classical solutions to the equations of motion as in general
relativity, but they are not so in the other coordinate systems like the spherical coordinate
one. This peculiar dependence of classical solutions on the coordinate systems in the WTDiff
gravity stems from the fact that the TDiff are defined as a subgroup of the full Diff in such
a way that the determinant of the transformation matrix is the unity
J ≡ det Jαµ′ ≡ det
∂xα
∂xµ′
= 1. (1)
When we transform a metric from the Cartesian coordinate system to the spherical one, we
encounter the non-trivial Jacobian factor in four dimensions
J = r2 sin θ, (2)
by which the Schwarzschild and Reissner-Nordstrom metrics are not classical solutions in the
spherical coordinate system in the WTDiff gravity.
The equivalence between general relativity and the WTDiff gravity might make it possible
to tackle some difficult problems existing in general relativity within the framework of the
WTDiff gravity. For instance, the Weyl symmetry in the WTDiff gravity can be viewed as
a fake Weyl symmetry, 3 which might play an important role in the cosmological constant
2The conformally invariant gravity theory has a wide application in phenomenology and cosmology [10]-
[13].
3The Weyl symmetry in the conformally-invariant scalar-tensor gravity as well as the WTDiff gravity is
sometimes called a fake Weyl symmetry [14] since this Weyl symmetry appears as a local symmetry in an
action whenever one replaces the metric tensor gµν with a Weyl-invariant metric tensor gˆµν as seen later in
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problem. Namely, at the classical level, the fake Weyl symmetry forbids operators of dimen-
sion zero such as the cosmological constant in the action. Then, we expect that the fake Weyl
symmetry does not give rise to a Weyl anomaly at the quantum level owing to its ”fakeness”
[1]. In other words, the fake Weyl symmetry survives at the quantum level, thereby suppress-
ing the radiative corrections to the cosmological constant. If this conjecture were true, the
cosmological constant problem would become a mere problem of how to determine the initial
value of the cosmological constant.
In the present article, in order to understand more classical implications of the WTDiff
gravity, we wish to apply the WTDiff gravity to cosmology and find what universe is realized
in the WTDiff gravity by solving the equations of motion on the basis of Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric. To do that, one needs to introduce a real scalar field as
the matter field which must be invariant under the Weyl transformation and TDiff at the
same time.
This paper is organised as follows: In Section 2, we couple a real scalar field as the matter
field to the WTDiff gravity in a consistent way, and examine the energy-momentum tensor
and its conservation law. In Section 3, we show that the FLRW metric with the spatial
flat metric and a nontrivial lapse function is in fact a classical solution. The final section is
devoted to discussions.
2 Coupling scalar field to the Weyl-transverse (WTD-
iff) gravity
We will start with an action of the conformally invariant scalar-tensor gravity in a general n
space-time dimension 4
S =
∫
dnx
√−g
[
n− 2
8(n− 1)ϕ
2R +
1
2
gµν∂µϕ∂νϕ
]
, (3)
Eq. (9). For instance, the conformally-invariant scalar-tensor gravity is obtained by replacing gµν in the
Einstein-Hilbert action by gˆµν (In this sense, ϕ is called a spurion field.) The ”fakeness” is mathematically
reflected in the fact that the Noether current for this Weyl symmetry is identically vanishing [14, 1].
4We follow notation and conventions by Misner et al.’s textbook [15], for instance, the flat Minkowski
metric ηµν = diag(−,+,+,+), the Riemann curvature tensor Rµ ναβ = ∂αΓµνβ − ∂βΓµνα + ΓµσαΓσνβ − ΓµσβΓσνα,
and the Ricci tensor Rµν = R
α
µαν . The reduced Planck mass is defined as Mp =
√
ch¯
8piG
= 2.4 × 1018GeV .
Throughout this article, we adopt the reduced Planck units where we set c = h¯ = Mp = 1. In this units,
all quantities become dimensionless. Finally, note that in the reduced Planck units, the Einstein-Hilbert
Lagrangian density takes the form LEH = 12
√−gR.
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which is invariant under both the Weyl transformation and diffeomorphisms (Diff). The Weyl
transformation is defined for the metric tensor gµν and the ghost-like scalar field ϕ as
gµν → g′µν = Ω2(x)gµν , ϕ→ ϕ′ = Ω−
n−2
2 (x)ϕ, (4)
where Ω(x) is an arbitrary scalar function.
From this fundamental action (3), we can derive the Einstein-Hilbert action of general
relativity by taking the gauge condition
ϕ = 2
√
n− 1
n− 2 , (5)
for the Weyl symmetry.
On the other hand, the gauge condition
ϕ = 2
√
n− 1
n− 2 |g|
−
n−2
4n , (6)
for the longitudinal diffeomorphism leads to an action of the WTDiff gravity [6, 7, 8, 9, 2, 3]
Sg =
1
2
∫
dnx |g| 1n
[
R +
(n− 1)(n− 2)
4n2
1
|g|2g
µν∂µ|g|∂ν|g|
]
, (7)
where we have defined g = det gµν < 0. Thus, the WTDiff gravity is at least classically
equivalent to general relativity since the both actions can be derived via the different choices
of gauge condition from the same action (3). We conjecture that the equivalence would be valid
even at the quantum level since the fake Weyl symmetry and the longitudinal diffeomorphism
do not seem to possess the corresponding anomalies.
Now we wish to construct the matter action of a real scalar field φ coupled to gravity in
the Weyl and TDiff-invariant manner [1]. To do so, let us consider first an action of the real
scalar field φ with the potential term V (φ)
SDiffm =
∫
dnx |g| 12
[
−1
2
gµν∂µφ∂νφ− V (φ)
]
. (8)
Note that SDiffm is manifestly invariant under the full Diff.
Next, to make SDiffm be invariant under the Weyl transformation as well, it is necessary
to construct the Weyl-invariant objects
gˆµν =

1
2
√
n− 2
n− 1ϕ


4
n−2
gµν , φˆ =
φ
ϕ
, (9)
where we have assumed that the real scalar field φ has the same transformation property
under the Weyl transformation (4) as the ghost-like scalar field ϕ. In order to obtain the
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Weyl and Diff-invariant matter action, it is enough to replace gµν and φ in the action (8) by
the corresponding Weyl-invariant objects gˆµν and φˆ. The resulting action takes the form
SWDiffm =
∫
dnx |gˆ| 12
[
−1
2
gˆµν∂µφˆ∂νφˆ− V (φˆ)
]
=
∫
dnx |g| 12
[
−1
2

1
2
√
n− 2
n− 1ϕ


2
gµν∂µ
(
φ
ϕ
)
∂ν
(
φ
ϕ
)
−

1
2
√
n− 2
n− 1ϕ


2n
n−2
V
(
φ
ϕ
)]
. (10)
Finally, reducing further the Weyl and Diff-invariant matter action (10) to the Weyl and
TDiff-invariant matter action requires us to take the gauge condition (6) for the longitudinal
diffeomorphism. Consequently, we have the WTDiff-invariant matter action given by
SWTDiffm =
∫
dnx |g| 12
{
−1
8
n− 2
n− 1 g
µν
[(
n− 2
4n
)2 φ2
|g|2∂µ|g|∂ν|g|+
n− 2
2n
φ
|g|∂µ|g|∂νφ+ ∂µφ∂νφ
]
− |g|− 12V

1
2
√
n− 2
n− 1 |g|
n−2
4n φ


}
. (11)
From this action, the equation of motion for φ is derived to be
1
8
n− 2
n− 1 |g|
1
2
[
(n− 2)(5n− 2)
8n2
φ
|g|2 (∂ρ|g|)
2 − n− 2
2n
φ
|g|∇ρ∇
ρ|g| − 2∇ρ∇ρφ
]
+
1
2
√
n− 2
n− 1 |g|
n−2
4n V ′

1
2
√
n− 2
n− 1 |g|
n−2
4n φ


= 0, (12)
where we have defined ∇µ∇ν |g| = ∂µ∂ν |g| − Γρµν∂ρ|g| and the prime on the potential V
denotes the differentiation with respect to its argument. Furthermore, taking the variation of
the action (11) with respect to the metric tensor produces an expression, which is proportional
to the energy-momentum tensor of the scalar matter field
δSWTDiffm
δgµν
= −1
8
n− 2
n− 1 |g|
1
2
{(
n− 2
4n
)2 φ2
|g|2∂µ|g|∂ν|g|+
n− 2
4n
φ
|g| (∂µ|g|∂νφ+ ∂ν |g|∂µφ)
+ ∂µφ∂νφ+ gµν
[
−5
2
(
n− 2
4n
)2 φ2
|g|2 (∂ρ|g|)
2 − n− 2
2n2
φ
|g|∂ρφ∂
ρ|g| − 1
n
(∂ρφ)
2
+ 2
(
n− 2
4n2
)2 φ2
|g|∇ρ∇
ρ|g|+ n− 2
2n
φ∇ρ∇ρφ
]}
+
n− 2
8n
√
n− 2
n− 1 |g|
n−2
4n gµνφ V
′

1
2
√
n− 2
n− 1 |g|
n−2
4n φ

 . (13)
4
Then, it is convenient to rewrite this expression by eliminating the potential term through
the equation of motion for φ in Eq. (12) as
δSWTDiffm
δgµν
= −1
8
n− 2
n− 1 |g|
1
2
{(
n− 2
4n
)2 φ2
|g|2∂µ|g|∂ν|g|+
n− 2
4n
φ
|g| (∂µ|g|∂νφ+ ∂ν |g|∂µφ)
+ ∂µφ∂νφ+ gµν
[
−1
n
(
n− 2
4n
)2 φ2
|g|2 (∂ρ|g|)
2 − n− 2
2n2
φ
|g|∂ρφ∂
ρ|g| − 1
n
(∂ρφ)
2
]}
≡ −1
2
|g| 12
(
T(m)µν − 1
n
gµνT(m)
)
, (14)
where T(m)µν is defined as
T(m)µν =
1
4
n− 2
n− 1
[(
n− 2
4n
)2 φ2
|g|2∂µ|g|∂ν|g|+
n− 2
4n
φ
|g| (∂µ|g|∂νφ+ ∂ν |g|∂µφ)
+ ∂µφ∂νφ
]
. (15)
Without the matter action of the scalar field, from the action (7) of the WTDiff gravity,
the Einstein equations, which are obtained by taking the variation with respect to the metric
tensor, take the form
Rµν − 1
n
gµνR = T(g)µν − 1
n
gµνT(g), (16)
where T(g)µν is defined by
T(g)µν =
(n− 2)(2n− 1)
4n2
1
|g|2∂µ|g|∂ν |g| −
n− 2
2n
1
|g|∇µ∇ν |g|. (17)
Since we regard the sum of the action (7) of the WTDiff gravity plus that (10) of the scalar
matter field as a total action, the Einstein equations at hand are given by
Rµν − 1
n
gµνR = Tµν − 1
n
gµνT, (18)
where the total energy-momentum tensor Tµν is now defined by
Tµν = T(g)µν + T(m)µν
=
(n− 2)(2n− 1)
4n2
1
|g|2∂µ|g|∂ν |g| −
n− 2
2n
1
|g|∇µ∇ν |g|
+
1
4
n− 2
n− 1
[(
n− 2
4n
)2 φ2
|g|2∂µ|g|∂ν|g|+
n− 2
4n
φ
|g| (∂µ|g|∂νφ+ ∂ν |g|∂µφ)
+ ∂µφ∂νφ
]
. (19)
Let us note that the Einstein equations of the WTDiff gravity with the WTDiff-invariant
matter field have the traceless form, which is also a common feature to unimodular gravity
[16]-[31].
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3 Cosmology
Now we are ready to turn our attention to cosmology in the WTDiff gravity with the scalar
matter whose equations of motion are of form (18). Before attempting to solve the Einstein
equations (18), let us notice that as given in Eq. (19), the energy-momentum tensor has a
rather complicated structure owing to the presence of the determinant of the metric tensor,
which makes it difficult to solve the Einstein equations analytically. Thus, we will select the
gauge condition
g = −1, (20)
for the Weyl symmetry. This choice of the gauge condition provides us with an enormous
simplication since the energy-momentum tensor (19) is reduced to the tractable form
Tµν =
1
4
n− 2
n− 1∂µφ∂νφ. (21)
It is usually assumed that our universe is described in terms of an expanding, homoge-
neous and isotropic Friedmann-Lemaitre-Robertson-Walker (FLRW) universe given by the
line element
ds2 = gµνdx
µdxν
= −dt2 + a2(t)γij(x)dxidxj, (22)
where a(t) is a scale factor and γij(x) is the spatial metric of the unit (n − 1)-sphere, unit
(n−1)-hyperboloid or (n−1)-plane, and i, j run over spatial coordinates (i = 1, 2, · · · , n−1).
However, this metric ansatz does not satisfy the gauge condition (20) so the line element (22)
should be somewhat modified. A suitable modification, which respects the gauge condition
(20), is to work with the following line element;
ds2 = −N2(t)dt2 + a2(t)(dxi)2, (23)
where N(t) is a lapse function and the spatial geometry is chosen to be the (n − 1)-plane,
i.e., the (n − 1)-dimensional Euclidean space. Note that the existence of the lapse function
N(t) means that a time coordinate t does not coincide with the proper time of particles at
rest. With this line element, the gauge condition (20) provides a relation between the lapse
function N(t) and the scale factor a(t)
N(t) = a−(n−1)(t). (24)
Given the line element (23) and Eq. (24), it turns out that the non-vanishing components
of the traceless Einstein tensor, which is defined as
GTµν = Rµν −
1
n
gµνR, (25)
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are given by
GTtt = −
(n− 1)(n− 2)
n
[
H˙ + (n− 1)H2
]
,
GTij = −
n− 2
n
a2n
[
H˙ + (n− 1)H2
]
δij , (26)
where H = a˙
a
is the Hubble parameter and we have defined a˙ = da(t)
dt
. In a similar way, the
non-vanishing components of the traceless energy-momentum tensor, which is defined as
T Tµν = Tµν −
1
n
gµνT, (27)
read
T Ttt =
n− 2
4n
(φ˙)2,
T Tij =
1
n− 1
n− 2
4n
a2n(φ˙)2δij , (28)
where we have specified the scalar field φ to be spatially homogeneous, that is, φ = φ(t). As
a result, the traceless Einstein equations (18) are cast to be a single equation
H˙ + (n− 1)H2 = − 1
4(n− 1)(φ˙)
2. (29)
Moreover, using the line element (23) and Eq. (24), the equation of motion for the scalar
field φ, Eq. (12), is simplified to be
φ¨+ 2(n− 1)Hφ˙+ 2
√
n− 1
n− 2a
−2(n−1)V ′

1
2
√
n− 2
n− 1φ

 = 0. (30)
It is of interest to see that the traceless Einstein equations (18) have yielded only the single
equation (29), which is similar to the Raychaudhuri equation or the first Friedmann equation
[32, 33] that comes from all ij-components of the Einstein equations in general relativity
though there is a slight difference in Eq. (29) which will be mentioned shortly. However,
in the present formalism, the (second) Friedmann equation stemming from 00-component of
the Einstein equations is missing. In order to solve Eq. (29), we need the conservation law
of the energy-momentum tensor. In this respect, recall that in general relativity the first
Friedmann equation can be viewed as a consequence of the (second) Friedmann equation and
covariant conservation of energy, so that the combination of the (second) Friedmann equation
and the conservation law, supplemented by the equation of state p = p(ρ) (which will appear
later), forms a complete system of equations that determines the two unknown functions, the
scale factor a(t) and energy density ρ. In our formalism, instead of the (second) Friedmann
equation, we have to use the first Friedmann equation like Eq. (29).
7
At this stage, it is worth stressing that the energy-momentum tensor (19) is not covari-
antly conserved since it is derived from the action which is not invariant under the general
coordinate transformation (Diff) but only invariant under the Weyl transformation and TD-
iff. Actually, the following (well-known) proof clarifies the reason why the energy-momentum
tensor constructed out of a Diff-invariant action is only covariantly conserved: Suppose that
a generic action S is invariant under Diff
S =
∫
dnx
√−gL. (31)
Under Diff, the metric tensor transforms as
δgµν = ∇µξν +∇νξµ, (32)
where ξµ is a local parameter of Diff. Under Diff, the action S is transformed into
δS = −
∫
dnx
√−gTµν∇µξν , (33)
where the energy-momentum tensor Tµν is defined as
Tµν = − 2√−g
δ(
√−gL)
δgµν
= −2 δL
δgµν
+ gµνL. (34)
By integrating by parts, Eq. (33) can be recast to the form
δS =
∫
dnx
√−g∇µT µνξν , (35)
from which we can arrive at the covariant conservation law of the energy-momentum tensor
∇µT µν = 0. (36)
Let us note that the general coordinate invariance of the action plays a critical role in this
proof.
Accordingly, in order to derive the energy-momentum tensor satisfying the covariant con-
servation law, we must make use of not SWTDiffm in (11) but S
WDiff
m in (10).
5 After a
straightforward calculation, using the gauge condition (20), the energy-momentum tensor
reads
T (cov)µν =
1
4
n− 2
n− 1∂µφ∂νφ+ gµν

−1
8
n− 2
n− 1(∂ρφ)
2 − V

1
2
√
n− 2
n− 1φ



 . (37)
5The contribution from S in (3) vanishes in the gauge condition (20).
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In contrast to the previous result (21), in this case the terms proportional to gµν have emerged,
by which the energy-momentum tensor (37) turns out to be covariantly conserved by using
the equation of motion for φ in Eq. (12) together with the gauge condition (20). The non-
vanishing components of T (cov)µ ν are easily evaluated to be
T (cov)t t = −1
8
n− 2
n− 1a
2(n−1)(φ˙)2 − V

1
2
√
n− 2
n− 1φ

 ≡ −ρ(t),
T (cov)i j =

1
8
n− 2
n− 1a
2(n−1)(φ˙)2 − V

1
2
√
n− 2
n− 1φ



 δi j ≡ p(t)δi j, (38)
where we have introduced energy density ρ(t) and pressure p(t) in a conventional way. Then,
the covariant conservation law (36) leads to an equation
ρ˙+ (n− 1)H(ρ+ p) = 0. (39)
To close the system of equations, which determine the dynamics of homogeneous and
isotropic universe, we have to specify the equation of state of matter as usual
p = wρ, (40)
where w is a certain constant. Of course, the equation of state is not a consequence of
equations of our formalism, but should be determined by matter content in our universe.
With the help of Eq. (40), Eq. (39) is exactly solved to be
ρ(t) = ρ0a
−(n−1)(w+1)(t), (41)
where ρ0 is an integration constant. Eqs. (39)-(41) are the same expressions as in general
relativity. Now, using Eqs. (38), (40) and (41), our Friedmann equation (29) is rewritten as
H˙ + (n− 1)H2 = −w + 1
n− 2 ρ0a
−(n−1)(w+3). (42)
Since it is difficult to find a general solution to this equation (42), we will refer to only
special solutions which are physically interesting. Looking at the RHS in Eq. (42), one soon
notices that at w = −1 and w = −3, specific situations occur. Actually, at w = −1, Eq. (42)
can be exactly integrated to be
a(t) = a0t
1
n−1 , (43)
where a0 is an integration constant and this solution describes the decelerating universe in
four dimensions owing to a¨ < 0.
At the case w = −3, Eq. (42) is reduced to the form
H˙ + (n− 1)H2 = 2
n− 2ρ0. (44)
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This equation includes a special solution describing an exponentially expanding universe
a(t) = a0e
H0t, (45)
where H0 is a constant defined as
H0 =
√
2ρ0
(n− 1)(n− 2) . (46)
Finally, one can find a special solution such that the scale factor a(t) is the form of
polynomial in t
a(t) = a0t
α, (47)
where α is a constant to be determined by the Friedmann equation (42). It is easy to verify
that the constant α is given by
α =
2
(n− 1)(w + 3) , (48)
so that in this case the scale factor takes the form
a(t) = a0t
2
(n−1)(w+3) , (49)
which includes the solution (43) when w = −1. Then, the accelerating universe a¨(t) > 0
requires
w <
−3n + 5
n− 1 , (50)
while the decelerating universe does
w >
−3n + 5
n− 1 . (51)
One might wonder how the obtained solutions are related to solutions in general relativ-
ity. In particular, in general relativity we are familiar with the fact that the case w = −1
corresponds to the cosmological constant and the solution is then an exponentially expanding
universe whereas in our case the corresponding solution belongs to the case w = −3, which
appears to be strange. But this is just an illusion since we do not use the conventional form
(22) of the line element but the line element (23) involving the nontrivial lapse function N(t).
In order to show that our result coincides with that in general relativity, let us focus our
attention to the Friedmann equation (29). By means of Eq. (38), this equation is rewritten
as
H˙ + (n− 1)H2 = − 1
n− 2N
2(ρ+ p), (52)
10
where we recovered the lapse function N(t) by using Eq. (24).
On the other hand, with the conventional notation of the energy-momentum tensor
T µ ν = diag(−ρ, p, · · · , p), (53)
and the line element (23), the Einstein equations in general relativity
Gµ ν ≡ Rµ ν − 1
2
δµ νR = T
µ
ν , (54)
become a set of the Friedmann equations
H2 =
2
(n− 1)(n− 2)N
2ρ, (55)
H˙ +
n− 1
2
H2 − N˙
N
H = − 1
n− 2N
2p. (56)
By using Eq. (24), Eq. (56) is written as
H˙ +
3(n− 1)
2
H2 = − 1
n− 2N
2p. (57)
Eq. (55) allows us to rewrite this equation to the form
H˙ + (n− 1)H2 = − 1
n− 2N
2(ρ+ p), (58)
which coincides with our Friedmann equation (52). This demonstration clearly indicates that
our cosmological solution is just equivalent to that of general relativity specified in such a
way that the line element is (23) and the lapse function is given by Eq. (24).
4 Discussions
In this article, we have studied the Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmol-
ogy in the framework of the Weyl-transverse (WTDiff) gravity in a general space-time dimen-
sion. One of interesting aspects of our result is that spatial geometry is completely selected
to be a flat Euclidean space among three possibilities, those are, the unit sphere, unit hyper-
boloid and Euclidean space. In regards to this, let us recall that for both closed and open
universes, the spatial curvature can be often be neglected, so one can use the spatially flat
metric and this is certainly possible for processes happened at spatial scales much smaller
than the curvature radius a(t). Our result insists that the spatial metric must be flat at least
in the classical level where the present analysis could be applied.
Furthermore, our result requires that the lapse function, which is usually taken to be 1
by hand, should be a nontrivial function of the scale factor. Note that there is a priori no
11
need for fixing the lapse function to be a certain value. To put differently, there is no need
for choosing a time coordinate such that it agrees with proper time of particles at rest since
world lines of particles at rest are geodesic even in the line element with the nontrivial lapse
function of time coordinate t.
As future problems, we would like to list up two different problems. One problem is to
look for a broad class of classical solutions which do not satisfy the gauge condition (20). As
seen in (19), the total energy-momentum tensor involves the complicated contribution from
the metric determinant and this contribution behaves as if it were the source of a new matter
field in the traceless Einstein equations. This fact makes it quite difficult to find classical
solutions except the case g = −1, or more generally, g = constant.
Another interesting and important problem is to investigate quantum aspect of the present
formalism. The most attractive point in the present formalism is the existence of the fake
Weyl symmetry, by which the cosmological constant cannot appear in the classical action. It
is widely believed that the Weyl symmetry is violated by radiative corrections, thereby giving
rise to a nonvanishing value of the cosmological constant at the quantum level. However,
we conjecture that the fake Weyl symmetry is kept even in the quantum regime owing to its
fakeness. Our conjecture seems to be consistent with the fact that the fake Weyl symmetry
has an indentically vanishing Noether current. We wish to consider these problems in near
future.
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